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Abstract 

We consider a plane polynomial vector field P{x,y)dx + Q{x,y)dy of degree m > 1. To each algebraic 
(^ ' invariant curve of such a field we associate a compact Riemann surface with the meromorphic differential 

f^ , uj = dx/P = dy/Q. The asymptotic estimate of the degree of an arbitrary algebraic invariant curve is 

c7^ ' found. In the smooth case this estimate was already found by D. Cerveau and A. Lins Neto [2] in a 

Cn ' different way. 

o 

D ' Introduction 

Q 

^^^ , The study of plane polynomial vector fields goes back at least to Poincare [12]. Recall that the second half 

2]H^ ' of Hubert's 16th problem [8] asks for an upper bound on the number of limit cycles of real plane polynomial 

vector fields. Notice, that the class of invariant curves of the given planar system involves the class of its 

limit cycles. Of course, every limit cycle is also an invariant curve. 
^^ , This paper is devoted to one aspect of this problem: to study algebraic invariant curves i.e. defined by 

^H ' an algebraic equation f{x,y) = 0, where / G C[a:, y] is an arbitrary polynomial. The real part of the above 

(— I , curve which turns out to be a limit cycle, is called the algebraic limit cycle. Up to now only several cases of 

algebraic limit cycles are known, especially for quadratic plane systems [3]. It has been shown by Darboux 

[4] that if a given planar polynomial system of degree m has more than 2 + [m(rn + l)]/2 algebraic invariant 

curves, then it admits a rational first integral. 

In this paper we apply a new method connecting the problem of existence of algebraic invariant curves of 
CO ' plane polynomial vector fields of the form P{x, y)dx + Q{x^ y)dy with the contemporary theory of Riemann 

^ , surfaces. To each algebraic invariant curve of such a field we associate a compact Riemann surface C and a 

^i: ' meromorphic differential uj — dx/P = dy/Q. 

p^ , Using this approach, in Section 5 we find the asymptotic estimate of the degree of an arbitrary algebraic 

Q^ ' invariant curve (Theorem 6). In the particular case we obtain the estimate for a degree of a nodal algebraic 

^^ , invariant curve (Corollary 3). It is shown too that an arbitrary smooth algebraic invariant curve has a degree 

^^ ' less than to + 2 (Theorem 2) and that for an arbitrary algebraic invariant curve its genus is a linear function 

^^ , of the degree (Theorem 5). These results were already obtained (in a completely different way) in papers 

^ : [1], [2] 



cd 



r^ ■ 1. The Darboux divisor and points at infinity. 

^ , Consider the system of differential equations 

X : i = P{x, y), y - g(x, y), (x, y) G C^ (1) 

where P,Q are polynomials of degree m > 1. We suppose that P and Q have not a common nonconstant 

m m 

polynomial factor and P = X) ^i' Q — J2 Qi^ where Pi,Qi are homogeneous polynomials of degrees i = 

0, . . . ,TO,. 

Let C = {{x,y) £ C'^ : f{x,y) — 0} be an invariant curve of (1). Without loss of generality we may 

/ df df\ 

suppose that / £ C\x,y] is irreducible. Then / = P— — h Q— — = 0. As the ideal < / > is radical, 

V 9x dyj^^a 

then / e< / > and hence / = kf, for some k G C[a;, y]. 

Definition 1 The polynomial ,f{x,y) G C[a::,j/] is called an algebraic partial integral of the system (1) if 
there exists a polynomial k G C[x,j/] such that 



m — 1 

The polynomial k is called cof actor and has the following form k — ^ fc^, where ki are homogeneous poly- 
nomials of degrees i — 0, . . . ,m — 1. 

li k = then f{x, y) — const is a first integral of the system (1). 

Remark 1 It is easy to see that if f{x, y) is reducible, i.e. / — /{"^ • • • /"'', where fk G C[x, y], k — 1, . . . ,1, 
then polynomials fk are again partial integrals of the system (1). 

n 

The polynomial / is a sum of its homogeneous parts f — "^ fi, where fi are homogeneous polynomials 

i—a 

of degrees i — 0, . . . ,n and n — deg(/). 

Consider the homogeneous polynomial Rm+i{x, y) of degree to + 1 defined by 

Rm+i{x,y)^xQ^{x,y)-yP^{x,y), (3) 

where Pm and Qm are higher homogeneous parts of the polynomials P and Q respectivelly. Let us suppose 
that Rrn+i does not vanish identically, then it has m + l zeros Di = [xi : yi] G CP^, i — 1, . . . ,m+ 1. By the 
suitable rotation of variables x, y we can obtain x^j/i ^ 0, i = 1, . . . ,m+l. Hence, without loss of generality: 
A = (1, Zi), ZiGC"^, Zi^O,i = l,...,m+l. 

m+l 

Definition 2 The formal sum of points D = ^ D^ is called the Darhoux divisor of the differential system 

i=l 

Notice that the impotant role of the points Di for polynomial vector fields first was observed by Darboux 

in 1878. 

Let 

d d 

v{x, y) = p{x, y)Tr + Qi^^ y)jr^ 

ox ay 

be the polynomial vector field on C^ corresponding to the system (1). Through the non-linear change of 

variables 

1 y 

u — —, V — —, X ^ 0, {u,v) ^ C^, 

X X 

and multiplying the induced vector field by m'"^^ we obtain [6], [5] 

Viu, v) = A{u, v)—+ B{u, v) — , 
ou ov 

^(u,w) = -w"+ip( -,- ), 
\u u I 



B{u,v) ^u" 



I v\ \ V 

-,- -i;P -,- 
u u \u u 



where V(u^v) represents the vector field of (1) near the line at infinity Xoo = {m = 0}. The point (0,wo) 
where y(0, wq) = (0, 0) is the singular point of V{u, v). It is easy to see that Rm+i{l,vo) ~ and we obtain 

Proposition 1 The points Di — {l,Zi) ^ D, i = 1, . . . ,m+l are the singular points at infinity of the system 
(l). 

The equation (2) turns into 

dF dF 

A{u, v)—- + B{u, v)—- = K{u, v)F, 
ou ov 

where F{u, v) — u'^f — , — I = /«(!, v) + m/„_i(1, f) + • • • = represents the curve C near L^o and 
\u u J 

K{u,v) = u^-^k(-,^ -u^'np(-,- 
\u u I \u u 



Let us show now that the Darboux divisor D contains aU possible points at infinity of any algebraic 
invariant curve of the system (1). 

Denote by Lqq = {[xi : yi : 0] : {x,y) C CP""^} C CP^ the line at infinity. Let // be a set of points at 
infinity of the algebraic curve C which correponds to the equation f(x,y) = 0, where f{x,y) is an algebraic 
partial integral of the system (1). 

Theorem 1. If d D. 

Proof. By considering the right and left hand homogeneous parts of (2) we find 

p cijn ^ ojn _ , p / .N 

OX oy 

n 

where /„ is the highest order term of the polynomial f — ^ fi and km-i is the highest order term of the 

m — 1 

cofactor k — ^ ki. 

1=1 
To show If C D we need to prove that if fn{xo, j/o) = then (xo, yo) E D or 

Rm+i(xo,yo) = 0, (5) 

where the polynomial Rm+i is defined by (3). 

Consider the linear change of variables [x, y) -^ {u, v): x = xq + u, y = yo + v. The polynomial fnix, y) 
turns into the polynomial -F(u, v) — fn{xo + m, j/o + v) which has the following Taylor expansion 

n 

F(w,i;) = ^F,(u,«), (6) 

i—r 

where Fi are homogeneous polynomials of degrees i — r, . . . ,n, r > 1 and 

Thus, for the lower order term F,, of the sum (6) we have F^ ^ const and the following identity is fulfilled 

dFr dFr 

ou ov 

The equation (4) takes the form 

{{c^+N^iu,v))— + ic^ + N^{u,v))— )(F, + ... + F„) = 0, (8) 

ou ov 

where 

ci = Pm{xo,yo) km-i{xo,ya), C2 ^ Qm{xa,yo) fcm-i(xo,yo), (9) 

n n 

are constants and Ni{u, v), N2{u, v) are polynomials such that A^i(0, 0) = iV2(0, 0) = 0. 
The two cases should be considered. 

1) ci = C2 = 0. Then from relations (9) it follows that the equality (5) is fulfilled. 

Hence {xo,yo,0) G F>. 

dFr dFr 

2) (ci,C2) 7^ (0,0). Then one can show from (8) that ci— h C2— — — 0. Using (7) we see that vectors 

ou ov 

(ci,C2) and (a;o,yo) a-re colinear i.e. 

detl^'i ^° 1=0, 



, C2 2/0 
which gives again the equality (5). Q.E.D. 



Corollary 1. Let D — Di, . . . , Dm+i be a Darboux divisor of the system (1) and li ~ aiX + hiy, ai,bi € C, 
i = l,...,?n+lbea set of linear forms such that li{Di) = 0, i ^ l,...,?7i+l. Then there exists nonnegative 
integers rii, . . . , rim+i, '^rii = n that 

fn{x,y)^l[rt{^,y)- (10) 

Notice, that the same expression for /„ was introduced first by Jablonskii [9] in the case m = 2, see also [10]. 

2. The smooth case. 

Let C C CP^ be an algebraic smooth curve of deg(C) = n satysfying the equation f{x,y) = where 
f{x,y) is an irreducible algebraic partial integral of the system (1). Without loss of generality we suppose 
that 

/(a;,y) = y" + ai(a;)y""^ H ha„(a;), ai{x) e C[x], i = l,...,n. 

Consider the holomorphic mapping (p : C ^ CP^ defined by 4){x, y) ~ x. 

Let V — v^iiP) be a multiplicity of (j) &t the point P ^ C. Consider the ramification divisor R = 

E (^0(P) - l)P C Div(C). 
pec 

We break R into two divisors R = Ri + R2, where 



^1= E iMP)-'^)P 



PecnLa 
contains branching points of (f> at infinity and 



R2= J2 iMP)-^)P 

Pec/L^ 



contains all finite branching points. 



Lemma 1. Let C = {f{x, y) = 0} C CP^ be a nonsingular algebraic curve of deg(C) — n where f{x, y) is a 
partial first integral of the system (1). Then 

deg(i?i) <n~l. 



This statement is proved by noting that / = /« + ••• + /o, dcgfk = k and /„ = Yl L^^{x,y) where 



i=l 



E Ui — n, m < n, Li(x,y) are linear homogeneous polynomials. 



Lemma 2. deg(i?2) == n^ - n + 1 - deg(i?i). (11) 

Proof. Denote g — genus(C), n ~ deg(C), then by the genus-degree formula for a nonsingular curve C we 

(n-l)(n-2) 

have q = . 

^ 2 

deg(i?) 
By the Riemann-Hurwitz formula we obtain g ~ n + I. Comparing these two expressions for g we 

find (11). Q.E.D. 

Now let us study the divisor R2. 

df 
li K = (xq, yo) G i?2 then -^(K) = by the definition of a branching point. With help of (2) we obtain 

dy 

P[K)^{K)+Q{K)^{K)=Q. (12) 



Lemma 3. If the curve C is nonsingular, deg(C) = n, then 

deg(i?2) < 'mn, 
where jti > 1 is the degree of the system (1). 
Proof. Since K is a smooth point the relation (12) holds 

f,^) <{.f,P)K, KeR2, 
dyJ K 

where (g, l)x denotes the intersection number of the curves g{x, y) — and l{x, y) — at the point X E gHl. 

One can easily verify that deg(i?2) = X) I /i ^^ I • Thus, by Bezout theorem deg(i?2) < rnn. Q.E.D. 

Pe-R2 V clyJp 

Theorem 2. Let us assume that the system (1) admits an smooth algebraic invariant curve C C CP^ 
defined by the equation f{x, y) = 0, deg(/) = n. Then 

n <m + 1 

where to > 1 is the degree of the system (1). 

The statement of the theorem follows immediately from the above three lemmas. The Theorem 2 was 
obtained for the first time in [2] using a different method. By J. Moulin-OUagnier it was shown that the 
same result can be obtained in the theory of the Koszul complexes of polynomial vector fields. 

3. The Weierstrass polynomials. 

Let X — (xo,yo) G C^ be a finite singular point of the curve C — {{x^y) G C^ : f{x,y) — 0} i.e. the 

df df 

point X at which —-{X) = -—{X) = 0. Without loss of generality we suppose X = (0, 0). 
ox ay 

In order to clarify the local structure of C near X, we shall need the help of the Weierstrass polynomials 
[7n7]. 

Let C{a;} {C{x, y}) represent the ring of holomorphic functions defined in some neigborhood of G C 
((0,0) GC2). 

Definition 3. w G C{a;, y} is said to be a Weierstrass polynomial with respect to y, if 

w ^ y"^ + ci{x)yd-i ^ 'rCd{x), Cj{x) e£{x}, Cj(0) = 0, j = l,...,d. 

Let us assume that C is irreducible and its affine equation is 

fix, y) = y^ + ai(.T)y"-i + • • • + a^{x) = 0. 



Theorem 3. The polynomial f{x,y) can be expressed as 

/ = w/i/2---/p, 

where fi{x, y) = y''* + Cii{x)y'^^^^ + • • • + Cidi{x), i = 1, . . . ,p, are irreducible Weierstrass polynomials and 
u{x, y) is a unit of C{a;, y}, i.e. u(0, 0) ^ 0. 

There exists the open discs A^ = {r G C :| t |< p^}, i — 1, . . . ,p, such that each equation ,fi(x, y) — 0, 
i = 1, . . . ,p defines holomorphic mapping g^ : A^ ^ C as follows 

oo 

T^ (r'^%5i(T)), where ff»(r) = ^ Ci^r'^ G C{r}, i ==!,..., p. (13) 

k=l 



Thus, with topological point of view, the algebraic curve C can be obtained near the singular point 
X = (0, 0) from several open discs by identifying them together at their centers. This is the concept of 
normalization [7]. 

Theorem 4. Let C ~ {{x,y) G CP^ : f{x,y) ~ 0} be an algebraic invariant curve of the system (1) and 
X = (xo,yo) be a singular point of C. Then X is an equilibrium point of the system (1). 

Proof. Let us assume that X — (xo,yo) is not an equilibrium point point of the system (1). Then it has 
the unique solution passing through this point 

oc oo 

X ^ xo + P{xo,yo)t + ^ait\ y ^ yo + Q{xa,ya)t + ^bit\ ai,bi^C (14) 

i=2 i=2 

where tGA = {iGC:|i|<p} for any small p e M. 

On the other hand X is the singular point of C and according to the Theorem 3 the system (1) has no 
less than p > different solutions passing through X and locally expressed by (13). Thus, we obtain p — 1 
and the solution (14) is the parametrization of the curve C near the singular point X. By our assumption 
X is not an equilibrium point point of (1) i.e. P(a;o,yo) ^ or Q{xo,yo) =/= 0. Hence , looking at (14), X is 
the smooth point of C. We obtain the contradiction. Q.E.D. 

Corollary 2. The number of finite singular points of an arbitrary algebraic invariant curve of the system 

P i X 111 X 

(1) is not more than rri^. Furthermore, if — ™ — - ^ — , then 

Qm(.x,y) y 

I Sing(C) |< m^ +m + l. 



Indeed, if ™ — - ^ — then the polynomial (3) is not equal zero identically and according to Corollary 
Qm{x,y) y 
1 the curve C cannot have more than m + I singular points at infinity. 

4. The genus of C. 

Let C be an algebraic invariant curve of the system (1) defined by the equation f{x,y) — 0. Denote 
by Sing(C) the set of its singular points. There exists the compact Riemann surface C with a surjective 
continuous map tt : C ^ C such that n : C'/7r~^(Sing(C)) -^ C/Sing(C) is a holomorphic bijection. The 
aim of this section is to calculate the genus of C which is also called the genus of the curve C. Consider the 
following meromorphic differential on C 

dx dy 

Let u> be its divisor then according to the Poincare-Hopf formula 

2g-2^dcg{uj). (16) 

On the other hand, by Noether's formula [8nll] 

y- ^^'-'f-'^ - E ^(n (17) 

JSfeSing(C) 



where the numbers 6(X) are given by 



d{X)={f,^) +\n-\X)\-u^{X). 



dy 



X 



Here {,)x is the intersection number and v^{X) is the multiplicity of the map (f) : (x,y) —^ x at the point 
(x,y)GSing(C). 

6 



It is easy to see that to has no zeros in the afhne part of C . Let now X ~ {xq, j/q) G C^ be the singular 
point of the curve C. Without loss of generality we put X = (0, 0). According to Theorem 3 we can factor 
f{x,y) into the product of irreducible factors 

/ = ufi--- fr, 

where u(0, 0) ^ and fi, i = 1, . . . ,r are Weierstrass polynomials. Notice, that | 7r^^(X) |= r. Then locally 
C can be represented as follows 

where C'i = {{x,y) G C^ :| a; |< p, | y |< e,f{x,y) — 0}, i = 1, . . . ,r are irreducible local analytic curve 
components of C and p, e are sufficiently small real numbers. 

The parametrization of Cj, i = 1, . . . , r near X = (0, 0) is given by 



x^t'^\ 



y = ^CikT'', Cjfc e C, d, = dcg{fi). (18) 



fc=i 



Puting (18) into (15) and using Theorem 4 one can show that the differential oj has in the point X a pole 
of the multiplicity at least one. So, for the afhne part of the curve C we have the following estimate 

deg(^)|cnc^<- Y. K"'(^)l- (19) 

XeSing(C)nC2 

Now let us consider the points at infinity. Substituting x — 1/u, y — v/u into f(x, y) = and multiplying 
both sides of the resulting expression by u", we obtain the equation 

F{U,V) = fnil,v) + Ufr,-lil,v) + ■■■ + /qu" - 0, /o = COUSt ^ 0, 

which represents the algebraic curve curve C near the line at infinity L^ = {m = 0}. We can write /„(!,«) 

as follows 

q 

fn{l,v) = Y[{v-v,y''\ n, = 0, 1,..., q<n, ^n^^n, (20) 

where the points (0, Vi) E C Ci Loo, « = 1, . . . , fc. 

Now we break (20) into the product of three factors 

/„(l,w) = L1L2L3. 

r 

Here Li — Jl (^ ~ ^li); 'r < n contains all simple factors of (17). Near the points (0,wii), i — 1, . . . ,r the 
curve C has the parametrization of the form 

u^T{ao,+auT + OiT)), v ^ vu + TP{bo^ + buT + 0{t)), (21) 

where r £ C is a local parameter, a,b E C, agi =/= and p is a positive integer. 
fe 
L2 = ri (^ ^ ^'2i)™S k < n contains factors of multiplicity rrii > 1 such that the corresponding points 

i=l 

. . OF 
(0,W2i) satisfy the condition -r— (0,f2i) 7^ 0. For arbitrary 1 <i <k we can write the parametrization of C 

ou 
near (0,W2i) as follows 

u = r'"'(coi + cht + 0(t)), V = V2t + T{eoi + euT + 0{t)), coj,eoj7^0. (22) 

At last, the factor -^^3 = TT (w — W3i)'', s < n includes the multipliers of (20) for which h > 1 and t^(0, v^A — 
0. 



These points are singular and according to Theorem 4 near the point (v^i , 0) we have pi > 1 local 
components of C each of them can be parametrized as 

{goij +9113^ + (t)), w = W3j+t'''^ gotjT^O, j = l,...,pi. (23) 



u = t''-- 



Pi 
where dij , kij are positive integers and ^ fcy < U 

In addition we have 



fc 
r - 



^mi + ^;, =n and C n Loo = Vi U ^2 U ^3, Vi = {i^ = 0}, i==l,2,3. 

From (15) with use of (21), (22), (23) one can show that the following estimates hold 

fe 
deg(tj) \vi< r{m - 2), deg(w) \v^< {m - I) Y, m^ ~ fc. 



i=l 



Summing we obtain 



deg(c.)|y3<(m-l)E^.- E k^'WI 

i=l XeSing(C)nLoo 



deg(w) |cnL^<n(m-l)- ^ | ^-^(X) | -fc - r. 

XeSing(C)nL^ 



Since deg(cij) = deg(a>) \cr\L^ (^) + deg(cij) IcnC^ {^) i^- view of (16), (19) we have 

Theorem 5. For an arbitrary algebraic invariant curve of the system (1) the following estimate for the 
genus g holds 

2g-2<n(m-l)- ^ k"'(^) I ■ (24) 

;>fGSing(C) 

This result seems to be a consequence of the formula 1 of the paper [2] . 

5. The algebraic invariant curves with nodes. 

Let C be an algebraic invariant curve of the system (1) with the defining polynomial f{x,y). 

Lemma 4. | Sing(C) |< m^ H — . 

This is a simple consequence of Corollary 2 and the notation, that C has at most n/2 singular points at 
infinity. 

Theorem 6. Let there exists the integer K such that V X G Sing(C) we have (/, g ) < ^j then the 
following estimate for the degree of the curve C holds 

n< , (25) 

where m is the degree of the system (1). 

Proof. With using of (17), (24) one can show that 

n{n-3)- Y. U^) <"("^-l)- (26) 

By our assumption: (,f,g) 1^ K. According to Lemma 4 we obtain immediately 

XeSing(C) ^ ^ ^ ^ 



Puting (27) into (26) we arrive at Theorem 6. 

Corollary 3. Let us suppose that all singular points of the algebraic invariant curve C are nodes, then 

n<2(m+l). (28) 

Indeed, as a node is an ordinary double point then K = 1 and we can use the estimate (25) which gives 
(28). It is interesting to compare this result with Theorem 3 of the paper [2]. 
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